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ABSTRACT

The analysis and the design cf the elements of a large array of
circuvlar apertures on a triangular grid is approached by modeling the
antenna as an infinite structure rotationally symmetric an< periodic along
the cylinder axis. Because of this particular symmetry every possible
excitation is the superposition, with suitable weights, of a set of fundamental
excitations naving uniform magnitude and linear phase progression in the
a2zimuthal direction and in the direction of the cylinder axis ("eigenexcita-
tions")., Thus, by invoking superposition the electromagnetic analysis of
the array is reduced to the solutions of the simpler boundary value problems
pertinent to the set of eigenexcitations, This is done by expanding the field
in normal modes in the region exterior to the cylinder and in the waveguides
feeding the apertures, followed by a field matching at the cylinder surface
(obtzined approximately through Galerkin's method)., The realized gain
pattern of the radiators can be modified to a considerable extent by using
an '""element pattern shaping network' (in the radiator waveguides), serving
the purpose of matching the array for a selected eigenexcitation, Criteria
for the network design are given. A series of numerical examples
illustrates the technique and shows that a ''flat" element pattern can be thus
obtained with a gain fall off with respect to the peak of less than 6 db at
80 degrees,
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1. INTRODUCTION

It is the purpose of this repcrt to present certain recent developments
in conformal array theory and design, Some results are of a theoretical
nature, that is, they establish effective methods of analysis for practical
structures thus allowing a better insight of their electromagnetic behavior.
Other results are of direct relevance for the design, In fact a technique
is introduced which allows the modification of the realized gain pattern of an
element via a control of the mutual coupling mechanism, simply by placing
a matching network in the elemeat waveguides, Through this method it is
possible to tailor the element pattern to meet the scan coverage requirement
of the array: if for example the array is designed for wide angle performance,
the radiation at direction near grazing incidence can be enhanced at the
expense of broadside gain,

Conformal array theory has significantly advanced during the last two
to three years. Methods of analysis for cylindrical arrays, taking into
account mutual coupling, have been developed for idealized structures
consisting of infinite slits fed by parallel plate waveguides [1-3], More
recently cylindrical infinite arrays of rectangular apertures, polarized in
circumferential direction, have been studied by Gladman [4] and Sureau and
Hes:zci [5] who considered elements in a rectangular grid. A mutual coupling
analysis of an array consisting of a finite number of rings of rectangular
axially polarized apertures in triangular arrangement has also been per-
formed by Dorgiotti and Balzano [6], who showed dependence of the element
pattern upon its distance from the edge of the array.1

In this report arrays of flush mounted circular apertures are considered.
The apertures are arranged in é triangular lattice, as it is in most modern

arrays, to save on the number of elements. The structure investigated is

1Same of the results presented in this paper have been already presented by
the authors at the U, R,.S.I Fall Meeting 1970, Ohio State University,
Columbus, Ohio, Sept. 15-17, 1970,

1
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infinite and periodic along the cylinder axis and in the circumferential sense.
This model is accurate except for the elements in the proximity of the array
edge. The technique for the analysis is based on a systematic exploitation

of the translational and rotational symmetry of the structure, Every
arbitrary '""free' array excitation [7] is decomposed into a set of elementary
special excitations matching the symmetry of the structure, in the sense of
being eigenvectors of the symmetry operators representing the congruences

of the structure [8]). The analysis of the structure for these "eigenexcitation:"
is much simpler than in the general case, which on the other hand can be
studied by applying superposition [1-3].

The usefulness of the analysis and design technique introduced here is
illustrated by a number of numerical examples. Two cylinders with radii
equal to approximately 11 ) and 50 )\ with two different element spacings
have been studied in detail, The effect of different matching conditions on
the wide angle scan performance has been investigated. It has been shown
that element patterns can be obtained which are ''flat' within a fraction of
db up to 60 degrees from broadside and with a gain fall-off of less than
6 db up to 80 degrees in the principal plancs, It has also been checked that
these favorable characteristics are preserved in a frequency band of
several percent around *he center frequency, Also for each cylinder a
number of curves of gain vs. scan angle for two arrays having broadside
gains of approximately 20 and 30 db have been calculated, for different
match conditions, showing the effectiveness of the technique in improving
the scan coverage of the array.

The report is organized in the following way. In Section 2 the geometry
of the structure is defined and certain general results are established
depending only upon the special symmetry of the structure. It is shown how
remarkably far one can go in the development of the theory on the basis of pure
symmetry considerations without specifying the physical details of the antenna.
In Section 3 the method of solution of the boundary value problem for the
particular structure under study is outlined briefly (most of the analytical
details being confined in the Appendices). Section 4 shows how the

analytic technique developed here is not only valuable for the analysis of a
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given structure, but can also be used as an effective design tool, Element
pattern design criteria are observed, Finally in Section 5 selected

numerical examples are presented.
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2. THEORY OF INFINITE PERIODIC CYLINDRICAL ARRAYS

s A )
%

2.  Structure Geometry

For the developments of this section there is no need to specify the
nature of the radiating elements, all the results being a mere consequence of
1 s the axial and circumferential periodicity of the structure, However, since
in later sections the attention will Le focused on aperture arrays, it is this
2 type of structures which will be indicated in the illustrations,

: To specify the geometric reference the axis of the cylinder is assumed
to be coincident with the z axis of a system of rectangular coordinates, A
4 polar system r, 8, ¢ and a cylindrical system p, z, y are associated in the
;3 usual way with the rectangular system, With reference to Figure 1 the

'F symmetry of the structure is conveniently defined by the pair of column
vectors:

d
2
8, =" 5, = (1)

In analogy with the planar case [9-11], the reciprocal (row) vectors t, are
defined by the equations:

Ei. _g_k‘ S eréik (i, k = 1, 2) (2)

where 6ik is Kronecker's delta, From (2):

14 - |& _=n = 2r
| & L [d"h] L [0' h] (3)

In addition to the angular coordinate v, it is convenient to introduce a

i S ke

coordinate ¢ on the array perimeter defined as:

5

Preceding page blank
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£= Ry (4)

where R is the cylinder radius, Thus a point of the cylinder surface can be
individuated by the position column vector:

s = [i] (5)

The radiator whose center is locatedat z = O and £ = ¢ = 0 will be
called ""reference' element, All the array elements will occupy the positions

defined by the vectors:

Emn = ™M&; t N8, (6)

where n indicates the ring and m the position inside it,

2.2 Array Eigenexcitations

Array 'free'" excitation is always considered in this paper (i, e, defined
as the set of incident waves in the transmission lines feeding the elements),
Without loss of generality each radiator will be assumed to have only a single
excited port, If the elements are excited at two input ports (as it occurs for
circularly polarized antennas) the response2 of the array in this situation can
be obtained by superposition from the solution of the two partial problems
relative to the excitation of a port at a time, the other being terminated in the
impedance of its (equivalent) generator, Every array excitation is repre-
sented by the infinite dimensional column vector a, belonging to the array
"input space', Fach of its component a n clearly indicates the excitation of

the element in the position defined by m and n,

zThe set of reflected waves at the input ports and the array far field pattern

are concisely indicated as the '""response' of the array (for a given
excitation), ‘
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The interactions among the array elements can be described by the
scattering (or mutual coupling) matrix S (of infinite order), Its eigenvectors
are the "eigenexcitations' of the array-l:3] , namely those sets of incident
waves producing identical active reflection coefficients at each element input
port, As discussed in Appendix A, they are given by the infinite dimensional
vectors (suitably normalized):

g(uo, vo) = g(y_o) SR

\/ 27N

where m is an integer between 0 and N-1, n any integer and u, is a row

exp [—jgo (ms, + ngz)] ' (7)

vector representing the ordered pair of numbers:
2o © [uo’w o] (8)

with u = i/R, Each eigenexcitation is individuated by the azimuthal number
i (indicating that the phase progression between two adjacent elements in a
ring is 2wi/N) and by the longitudinal number w, (corresponding to a phase
progression woh between two contiguous rings), All the eigenvectors are
obtained by having i to take all the integers values from -N to N-1 and w all
the real values from -w/2h to v/2h (Appendix A),

In view of the further developments it is8 convenient to associate to each
bidimensional vector u,a regular lattice of points in the u, w plane defined

by the set of vectors (reciprocal lattice):

with p and q arbitrary integers, and t, and t, given by (3). The rectangular
coordinates of the points (9) are given explicitly by:

3The geometry of the reciprocal lattices is shown in Figure 4 for a
particular case.

7
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Yopq %+ p-"é—"» Vopq - Vot (2q-p) ﬁ (10)
In Section 3 the responses of the arrayto the set of eigenexcitations will
be determined through approximate solutions of the appropriate boundary
value problems, For an arbitrary excitation the reflection coefficients at
each input port and the radiation pattern of the array are then obtained,
through superposition, from the set of active reflection coefficients I‘(gn) and
far fiedd g (i, W T, 6 ). A general account of the philosophy of
the method has been already given elsewhere [3]. Thus only the features
peculiar to the geometry at hand will be discussed in some detail in this
paper,

2.3 Patterns and Reflection Coefficients for Arbitrary Excitations

By using the set of vectors (7) as an orthonormal basis for the array

input space the excitation a is expressed through the following expansion:

w
S & = ﬁ‘ f;i, wo)_g(%, wo) dwo (11)
1= =
-m
2h

whose coefficients c i,wo are the projections of a on the basis vectors

(7), i, e, are given by the scalar products:
cli, w) =efu ) a (12)

where the cross denote_s"f'the conjugate transpose, Explicitly

cli, wo) = ﬁﬁ Z Z a_ o exP l:jgo(m_s_1 + n_s_z)] (13)
n

m
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where the summations are extended to those values of m and n corresponding
to the elements belonging to the finite excited sector of the infinit2 structure,

Thc power reflected back into the input ports is represented by the
infinite dimensional column vector b, which from the repressntation {11) for
a is promptly found to be given by the expression:

). S
Zh
b=$Y rd, wo)_g(%, wo)c(i, w) dw, a6

Zh

Similarly, the array radiation pattern E(o, v) for an arbitrary excitation is
a linear combination of the eigenpatterns with the weights cli, w.', asit
follows {k = 2x/) being the free space propagation constant):

w
e-jkr - = Y
— Tow = ) T, w ur, 0, 9) cli, w_} dw_ (15)
i=-N 4
-
7

It wili be shown inSection 3, 2 that the integration in (15) is readily performed
through an application of stationary phase method, The use of (14) is inatead
less immediate, requiring a numerical integration, It is stressed however
that (15) alone provides all the relevant information about the radiative prop-
erties of the array (including for examgle the variation of gain with scan
angle). Ifin partic;ular a single radiator (e, g. the reference element located
atm = n = 0) ‘s excited, because of (11), eguation (15) takes the form:

w
. zh
e-jkr.., rh = - -
T fo(e,w) =V—2ﬁ / g (l’ wogr’aow)dwo (16,
1=~ _
Zh

Equation (16) yields the realized gain pattern of the reference element.
9
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3. THE ELECTROMAGNETIC PROBLEM FOR
CYLINDRICAL ARRAYS OF CIRCULAR APERTURES

3.1 Aperture Field Match

In this section the input properties of the array (reflection coefficient
and cross coupling between aperture modes) will be determined (for the
structure eigenexcitations), by solving approximately the approprviate
boundary value problem. The results derived here will be used in next sec-
tion to establish expressions for the array eigenpatterns.

The idealized model of the array consists of a reguiar grid of circular
apertures of radius a on an infinite cylindrical surface having radius R, fed
by waveguides with the same cross-sections as the apertures. The cleiments
may be filled with dielectric. Only the two orthogonal TE11 fundamental
modes, circumferentially and axially polarized, are assumed to be above
cutoff in the feeding waveguide. A matching network, whose physical nature
is such w0t to create coupling between the two propagating modes (located
at a sufficient distance from the aperture not to interfere with evanescent
modes) can be present to modify the element realized gain patiern,

The cylinder radius is supposed to be large in terms of wavelengths.
Thus the waveguide aperture can be considered planar with negligible error.
To simplify the treatment the element aperture transverse electric field
distribution will be assumed to be represented with good accuracy as the
superposition of the two TE11 modes. This approximation gives good
accuracy for the planar case [12], for comparable element and lattice size,
and it is reasonable to assume that the same will occur for the present
geometry (see Section 3.3). The vector mode functions for the mode
polarized in the axial and circumferential directions will be denoted by
e, (s) and e. (s), respectively, s being the position vector defined by (5).

A technique to design the matching network to modi’y the scan coverage
characteristics of the array will be discussed in Section 4. For the purpose

of the analysis we only need here to assume that two shunt susceptances

1 Preceding page blank
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-Bao and -Bco (one for each mode and such not to produce mode cross
coupling) are positioned at half wavelengths from the apertures, and that in
the transmission lines immediately prior to them two perfect transformers
are located, having the turn ratios n,:m, fG Y and n,:n, = m.
respectively, where G S.o and Gco are two suitable conductancea and Yo is
the characteristic admittance of the waveguide.

Let the element ports of the axial mode (say) be excited by the eigen-
excitation e(u ), i.e. by a set of incident waves, of equal magnitude, and
having a phase given by --?-—- (P + 9-) -w qh The transverse aperture
electric field of the reference element is represented, under the two modes

approximation, by the combination of the selected modes as follows:

(s)-\/A -1/2 \[ |1+ r,(u )] e (8)+ T _(u)e (s)

(17)

where I;(go) is the reflection coefiicient of the excited mode, and I‘ac(go)
is a cross coupling coefficient representing the passive excitation of the
cross polarized mode. It can be convenient, in view of further developments,
to introduce the simple equivalent circuit in Figure 2 for the admittarve
viewed at the input port of the excited mode. The active admittance Ya(gc)
evidently includes also the effects of coupling with the cross polarized mode
passively excited. Paralleling the treatment for the planar case [10] the
transverse electric field on the cylinder surface can be represented through
the following Floquet's double series, (consequence of the skew symmetry

of the structure):

@ +
-ju_ s
Elo = Z Z Ay, ) Fope (18)
q=-o p=-m
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whose coefficients are bidimensional vectors

A
A, ) =A 0 J2+A L ) (19)

The continuity of the transverse electric field on the cylinder surface will
be approximately enforced, by requiring that the difference between
Et(g), eq. (17), and the exterior mode expansion (18) (on the fundamental
array cell of the reference element) have zero projection (in the Hilbert
space sense) on each Floquet's harmonic. By following this procedure,
discussed in detail for the formally similar planar case in Ref. [10], the

following set of equations is obtained (one for each of the points (9):

-1/2 '
J;Ga SN [l + I‘ ‘u )] 83. pq) + rac(u ) &c(u p']
- L
= 5= Alu pq) (20)

where C is the area of the elementary cell and & a(3) and EC(E) are the
Fourier transforms of the vector mode functions _qa(g) and Ec(g), whose
explicit expressions are given in Appendix B.

The continuity of the transverse magnetic field on the radiator aperture
is approximately enforced through a similar procedure. Under the two
mode approximation, the magnetic transverse field on the reference element

is given by (Appendix C):

[(1 fa@o)) Cao (“ fa@o) J'Bao] g,ls) +
. -1/2 / h
- 1-‘ac(go) (Gco - JI'J’co)gc(i)l \/; Ga 2N 2l

_ A
H,(8) = p

13
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P, being a unit vector having the direction of the reference element waveguide
axis, pointing outward of the cyliadrical surface. By using vector potential
techniques, the z and ¢ components of the magnetic field in the region
exterior to the cylinder can be related to the coefficients (19) of Floquet's

expansion, obtaining the following expressions (Appendix C):

- +
\ﬁc 1/2 . o e

Hz pid,2z) = JZ;’N E Z e-jEOpq-s-

p--oo q ==
'ﬁ ? g2
opq -1-pN p k )
(Z) Z

(i+pN)w___ A (u__)

(w o)+ 2”2 “opg (22)
¢ —Opq R (k -W(Z)pq)
and:
-1/2 h 2
Ho 0.0, %) = Y36, /2 o Z S e
--oo
- (i+pN) “’o; "’;’me\l KWl )
. 2 2 \ z 2 .
qu\Jk 2 wopq pH(_iipN R Jk “Weng)
(i+pN)w (u )
A fm ) + gpq Zz—opL
¢ —opq R (k° - opq)

w,eA (u )H( ) (pVk

z —opq’ -i-pN opq — (23)
‘/ (2) J
opq H-l-pN(R k

14
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with Az(gopq) and A¢ (Eopq) given by (19) and {20).

By requiring that the difference between the expression (21) and the
expansmn (22-23) have zero projections on the modal function p xe, (s)
and P xe. (), the following expressions for the refiection and mode cross

couphng coeff1c1ents are derived (Appendix C):

{Gao- [Laa(go) JBao]) {Gco+ [Lcc(ﬂo) B ] ac(Eo)

T (w)=
270 (Gt [LaatughiByo I} (oot [LoclughiByg | =12, fuy)
(24)
and
o) - -2L, ()
e Gt (a5 T80 ]) (Ceo [Loclzg T8 ) ety
(25)

where Laa (30), Lac(Eo) and Lcc(_t_xo) are rather complicated functions, whose
explicit expression is given in Appendix C. They can be however calculated
straightforwardly once the Fourier transforms of the vector mode functions
are known. Their physical interpretation is that of self and mutual
admittances for the axially and circumferentially polarized fundamental
mecdes (for a given eigenexcitation).

Once the transverse electric field distribution (17) on the elements has
been determined using (24) and (25), the eigenpatterns are obtained from
the solution of the exterior electromagnetic problem. This is discussed
in the next section.

So far it has been assumed that only the axial mode is excited. If, on
the other hand, the circumferential mode is the one excited (with thc same

eigenexcitation) a perfectly similar treatment can be done, obtaining the

15
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expression of the reflection coefficient I‘c (t_xo) of the circumferential mode
simply by permuting the subscripts a and c in (24), the expression for the

cross coupling coeificient l"ca (20) still being given by (25). The general

case is obtained by superposition.

3.2 Eigenpatterns

The components g (i, w_» ¥, 8, ¢) of the far field for an arbitrary
excitation are obtained from the Floquet-Beasel expansion (22-23), by using

the standard asymptotic expression of Harkel functions for large arguments.
Notice first that only for

IWopq| S K (26)

the terms in (22) and (23) represent waves carrying energy away from the
structure. The terms of (22) and (23) for which (26) does not hold represent
instead cylindrical evanescent waves. If in particular the distance between
two rings h is smaller than 2/2, the only propagating waves are found to be
those for which p = 2q, and, if

m
lw 1> k- £, _ (27)

those for which one of the two equalities holds:
p-2q =% 1

the upper and lower sign referring to negative and positive W respectively.

The asymptotic expressions for H and H_ are found to be given by:

¢
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-1/2 i-1 .2 2 1/2
2G i
H, (o) 6. 2) = E: a  Nom ] (:wom) i
n
p= J_ 2 .2 \1/2
'Wopqlﬁk jzp k° - wopq)

. " 2 2 .
e-J (wopqz +pVk - wopq) ij e-Jde)
1
(2) ‘, 2 2
Hi+pN (RYs= wopq)

(i+pN) w___A_ (i+pN, w
Ay (4PN, w ) + S A
Pq R (k€ - w* )
opq

)
opd _ (28)

-1/2 ’ h -
-~ 2G A -jip
H¢ (po $, z) = - E & 2zN lee ?

2 Z 172
. 2 2 \1/2 k™ -w__ )
. OO -
P 'wopq '5 k JJ 7p (k WOPq) R
o3 _ .pN _-jpN¢é .
- j (wopqz +pVk wopq) j e‘ Az(1+pN, W )
2) \' 2 2
Hi+pN (RNk™ - wopq)
(29)

where the summations are extended to wopq satisfying (26).

The series in (28) and (29) are rapidly convergent, since the terms for
which

11 +pN| >> RVKE - w? (30)

opq

can be easily shown to be negligible.
In view of further developments it is convenient to consider the electric
far field of the structure and also to use polar coordinates r, 6, ¢, related

to z and p by the standard transformations:

p =rsin® z=rcos® (31)

17
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From (28) and (29) through straightforwarc manipulations the following

expression of the electric far field of the structure for the eigenexcitation

glM,,1.8,6)

g(\_xo) are established:

-jr(w___cosb +sin94k -w: )

wl Z —— =
wrsine 27N 2 2 1/4

-w
Wopq <K opq

A A ji(%ﬂb)
989 (i, Wopqo $) +¢g¢ (i, Wopqo d)l e

where:
. . =jp N
x JPN A (i+pN, wopq) e P ¢
ge (i, Wopqo d) =
2 2 (2) ‘, 2 _ 2
k ~ Yopq H1+pN (RYk wopq)
(32)
and
pN e IR A, (i+pN )
* = - 1 sy W
H1-{-pN (R'
(i+pN) wom Az (i+pN, W, ) -
+ 5 ) e (33)
Rk - wopq)
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The antenna far field pattern, by applying (15) is thus given by:

i
2h
N-l ... .»
= __h 2 jitz-6)
FO,6) = 2 N J;rrsme Z Z Ze
m n i=N
<
¥ opql SK
S
2h
. . " 2 2
j(imd+-nz—d) jwonh e-Jr (wopqcose + sin® Wk 'wopq)
%mn € ¢ (kZ _ 2 )
opq
A ] A .
08y (y Wyogr &) 40 gy (b w o &)f dw, (34)

where the summation in n and in m are extended to the elements of the finite
area excited of the infinite structure. The integral in (34) can be evaluated
for r — o through straightforward application of stationary phase method,
obtaining finally:

N-1

- -jkr . & -6)
F0,6) - & h:/:: o, 1/2 12 Ze £l 3

1=

fw, 1<K

opq

-

gy (w0 0) +8g, G w00 )]

- g 21 n

’- AF M*3) Sknheoso
a e e (35)
mn

lm n

As mentioned in Section 2.3, the realized gain pattern of an element is

obtained as a particular application of the general result (35).
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3.3 Remarks

In the previous sections in developing the appropriate formalism for the
aralysis of cylindrical arrays it has been attempted to stress the similarity
with planar array theory. In both cases the field outside the cylinder is
expanded in an infinite series of Floquet's harmonics, of a general type,
each of them conveniently associated with a peint of a regular lattice in a
""reciprocal' wavenumbers plane. However, certain important differences
should be remarked. The most apparent is that in order to calculate one
point of the realized gain pattern of a cylindrical array element (or more
generally one point of the array pattern for an arbitrary excitation), it is
necessary to calculate the array response to the eigenexcitations pertinent
to all azimuthal numbers i's. For a planar periodic array all the excitations
with uniform magnitude and linear phase taper are eigenexcitations, and the
response to only one of them characterizes the realized gain pattern of an
element in a certain direction. Another less obvious difference is related
to the phenomenon of the '"continous' cutoff of the cylindrical functions
representing the electromagnetic field. The question is straightforward for
uniform cylindrical arrays [1-3] but is relatively complicated for the present
structure.

A discussion of this phenomenon by using the concept of reciprocal
lattice in the u, w plane gives insight on certain array properties. For the
planar case there exists a circle (visible region) within which the reciprocal
lattice points represent radiating waves (carrying energy away from the
structure). All the other harmonics represent instead evanescent waves
associated with the reactive power stored in the neighborhood of the array
[9-11]. For a cylindrical array, instead, the waves whose representative
points in the u, w plane do not belong to the strip (28) represent evanescent
waves. Inside the strip (26) the Floquet Bessel harmonics are associated
with both radiating and reactive power. However, from (22-23), by invoking
well known properties of cylindrical functions it can be seen that the waves
for which

e
ii+pN|>R\/k2-w°2 (36)
Pq
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are ""essentizlly' below cutoff, while the ones for which the inequality (36)
is reversed are essentially radiating. The propagation region, (correspcnd-

ing in planar array theory to the visible circle) has now a blurred boundary,

“and a transitional zone exists where the harmonics contribute to both active

"and reactive power. In Figure 5 tie edges of this zone have been indicated,

conventionally defined as the loci where the ratios between the imaginary
and the real parts of the wave edmittance are either 0.1 or 10.

A few comments are at this point appropriate about the numericai
accuracy of the solution. in both the planar and cylindrical cases the solu-
tion of the electromagnetic problem is ohtained by expanding the field in the
proper rnodes of the waveguide and of the radiation half space. The modal
series are then truncated and through an application of Galerkin's method
a system of equations is written for the unknown coefficients. Recently, the
question of the accuracy of this procedure has been debated [13-15], and it
has been observed that for certain types of waveguide discontinuity problems
increasing the number M and N of the modes in the two regions at the two
sides of the discontinuity may not make tlie coefficients of the expansion to
tend to their correct values. It has been shown that for certain problems
(different from these considered here) M and N must be increased keeping
a certain ratio between them [14-15]. These studies have constituted a very
useful warning, pointing out that a single convergence test (increase of M
and N) is not sufficient to guarantee the accuracy of the solution. However,
by no means this implies that the method of solution above described is incor-
rect or inaccurate. In ract the practical certainty of the correctness cf the
solution is obtained if several convergence tests are made (increasing M and
N, keeping their ratio constant but equal to a different value 1or each test)
checking that the modal coefiicients tend in the different tests to the same
values. This has been done for the planar configuration, and has been thus
checked that for this type of problem (essentially equivalent to a junction
between t+o waveguides with different cross sections) the solution is not
sensitive to the way M and N are related. This conclusion is consistent
with what found by Lee et al [14]. Extensive numerical conputations
performed along these lines have shown that for arrays of circular apertures

of dimensions and spacings similar to the ones considered in this study, two
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mcdes are sufficient for achieving gocd accuracy (see for example [12)).
In many instances the analytical solutions have compared with experimental
data, with consistently excellent agreement. Because of the physical and
analytical similarity of the two problems it can be inferred that the same
will be true for the cylindrical structures {for radius of curvature sufficiently
large).

Certain questions concerring the numerical evaluations of the Floquet-

Bessel series are briefly discussed in Appendix D.
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4. ELEMENT PATTERN DESIGN

The scattering coefficients among the elements are functions of the para-

meters of the tuning network of Figure 2. Consider a single excited element.

gl i

The interference between its direct radiation and the energy scattered by the
other elements passively excited, depends upon the turn ratio of the trans-

former, and the susceptance of Figure 2, and so does the element realized

gain pattern. In order to get an insight of the relationship between element
pattern and matching network parameters, it is appropriate here to briefly
compare the two methods of cylindrical array analysis presently available,
from the viewpoint of their suitability for element design.

One of the methods is based on an attempt to determine the passive
reradiation of the elements in the situation of a single excited radiator, by
establishing thus a formalism which is a direct analytical counterpart of
{ the physical picture given above. To this end the complex waves, solutions
1 of Maxwell equations for the source free structure must be determined [2].
This requires the solution of a transverse resonance equation having as
unknowns the complex wave numbers in the longitudinal and azimuthal direc-
tions. The idea upon which this approach is based is a valuable aid for the
understanding of the phenomena occurring in conformal arrays. However,
this approach does not lead to manageable computational procedures except
for very simple idealized structures [2]. In addition, it does not seem easily

adaptable to efficient element pattern synthesis.

The other approach is the ''eigenexcitations method", considered in this
paper and described in the previous sections, which naturally leads to a
relatively simple procedure for controlling to a considerable extent the ele-
ment pattern. In this method no direct evaluation of mutual coupling is
necessary, the element interaction phenomena being represented by the set
of active reflection coefficients 1"(30). Consider the plane tangent to the array
surface through the center of the reference element, and on such plane the
straight line in the direction of the cylinder axisandits perpendicular. Suppose

that one seeks to enhance the radiation into a direction having cosines y and a
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with those axes. To accomplish this purpose, the network if Figure 2 is
chosen to rnatch the structure when excited by the eigenexcitation identified
by:

w_ = ky o o i = kRa (40)

The realized gain pattern for obvious symmetry reasons will be the same
in the direction -a and -y symmetric toa and Yy with respect to broadside.
This procedure is easily justified by observing that the realized gain pattern
of an element in a conformal array having a large cylinder radius is obviously
"sirnilar' to that of the same element (with the same l24tice) in a planar array.
For the latter case, the element pattern in a direction a, y is maximized if
the array is made transparent (i. e. matched) for a plane wave incident from
such a direction, or equivalently if it is matched for steering in the direction
a, Y. Thus, for a conformal array, the corresponding condition will be the
one mentioned above, for which the same relative phase progression exists
among the elements.,

For a varipolarization element, it is possible to maximize the gain in
two directions (one for each polarization of an orthogoanal pair) by using
waveguide elements acting on a single polarization (e.g. waveguide posts).
These directions can be chosen close to grazing incideiice in the axial and
circumferential directions (for axial and circumferential polarization,
respectively). The use of varipolarization elements allows to eliminate the
loss due to the almost complete reflection at large angle from broadside of
the energy associated with the field polarized parallel to the surface, simply
by suitably choosing the element nominal polarization.

Practically the evaluation of the network parameters will be done by
calculating the terminal admittance for the eigenexcitation (40) (following the
procedure of sect 3 and Appendix C) for Bco = Bao = 0 and Gco =G, = Yo.

ao
The real and imaginary parts of the admittance so determined provide the

4Assuming that the antenna at the other terminal of the communication link is
circularly polarized, of course there is still a 3 db loss due to polarization
mismatch.
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values of Gao and Bao or the values of Gco and Bco for axially polarized or
circumferentially polarized excitation, respectively.

When maximizing the gain in certain directions off broadside it is
expected that the broadside gain will decrease. Thus the element pattern will
be "flatter'' than in the case of broadside match. Resonance notches are in
most cases essentially determined by the array lattice (at least in absence
of dielectric sheets on the array surface and/or elements having too large
apertures). Thus one should choose an element grid for which in a planar array
no grating lobes would be present (for any scan condition). The design is not
critically frequency sensitive.

Numerical examples of element patterns designed according to the

criteria above outlined are discussed in Section 5.
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5. SELECTED NUMERICAL
EXAMPLES AND DISCUSSICN

In this section a number of illustrative examples will be briefly con-
sidered with the aim of determining the effects of the structure geometrical
parameters (cylinder radius, element size and lattice), and of showing the
effectiveness of the design technique discussed in Section 4. A large amount
of numerical data have been generated. Three cylinder radii and two dif-
ferent element lattices have been considered. The element aperture radius
has been always assumed equal to 0.22 wavelengths (at center frequency for
those cases for which a frequency sensitivity study has been performed).

The elements waveguides are assumed to be filled by a dielectric with
€ = 2.5 (for €, = 1 the fundamental modes would have been below cutoff).

A first set of figures refer to arrays with the lattice oi Figure 3. A
planar array with the same lattice would have grating lobes in the visible
space for certain scan conditions. The first array studied has a radius of
approximately 100 wavelengths. Circumferential, axial and conical sections
of element realized gain patterns have been calculated for nominal axial and
circumferential polarizations, the elements being matched for the equiphase
condition, conventionally called ‘'broadside', (Figure 6 to 10), For this
lattice size and orientation a notch is present (Figure 6) in the circumferential
plane for circumferential polarization in a direction approximately corres-
ponding for a planar array to a scan directior for which a grating lobe enters
into visible space. Characteristically however, the notch is absent for axial
polarization. Alsc the slope of the realized gain pattern in the shadow
region is substantially greater for axial polarization. These patterns are
shown here also to point out that the technique of analysis here introduced
can be used without any difficulty also for large cylinder radii. In Figures
from 11 to 15 similar patterns are shown for an array on a cylinder with a
radius approximately equal to 50 wavelengths. The patterns are very
similar to those for the array with larger radius. 'The only differences being,

as expected, the less pronounced notch and the lesser slope in the shadow
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region of the circumferential sections. These trends become even more
pronounced for the array with a cylinder radius of approximately 11 wave-
lengths, (Figure 16 to 20). The resonance notch becomes here a minor
perturbation of the pattern. In Figure 16 the realized gain pattern has been
shown also for the condition of elements matched for an eigenexcitation
corresponding to an azimuthal phase taper which would give origin in a
planar array to the beamin the direction of the notch. The improvement of
the angular coverage is apparent.

It is worth noticing that in the axial section the element realized gain
pattern is very insensitive to the cylinder radius and practically coincident
with that for a planar array. It is also of some interest the fact that in the
shadow region the croes polarized component of the field can reach values
greater than the nominal (see for example Figure 14).

By using a smaller size lattice the patterns do not have resonance
notches. A second set of patterns refer to the lattice of Figure 21. For an
array with approximately 50 wavelengths of diameter Figure 22 to 31 show
the effect of ""off broadside'' match., Axial and circumferential polarizations
are separately matched (as described in Section 4): the array is matched for
i/R = 2# sin 80°/) (and W, = 0) for circumferential polarization (in the
circumferential plane), and for w,F 27 sin 80°/) (and i = 0) for the axial
polarization {in the axial plane). In the circurmnferential plane matching the
elements at 80 degrees from broadside yields a realized gain pattern with a
gain decrease at 80 degrees of approximately 6 db with respect to broadside,
to be compared with the gain loss of approximately 12 db for the more con-
ventioral equiphase match. In the axial plane also the improvement is
substantial (Figure 23), A few conical s.ctions are shown in Figure 24 to
31. If the axial polarizatioa is matched in the circumferential plane a
pattern almost completely flat up to approximately 80 degrees is obtained
(Figure 32).

Similar diagrams have been calculated for three different match con-
ditions for an array with a radius of approximately 11 wavelengths (Figure
33 to 44). The frequency sensitivity of the realized gain pattern has been

also investigated (Figure 43 and 44) and show the realized gain pattern

variations for * 5 percent change of frequency with respect to design frequency.
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Broadside and 80 degrees off brocadside match conditions have been considered,

A notch begins to appear at high frequency, and it is interesting to see that

the modification of the realized gain pattern with frequency depends sub-

stantially upon match conditions, and thus is not due simply to geometrical
reasons. In calculating the curves of Figure 43 and 44, the matching
susceptance shunting the aperture has been assurmned constant with frequency
(a reasonable approximation in a £ 5 percent band).

The realized gain patterns of the elements of a conformal array, (unlike
the planar case), are only an indirect indication of the scan coverage of the
antenna, In order to get direct performance information a "small" and a
'""large'' arrays, with 37 and 313 elements respectively, have been considered. 2
Both the cylinders with radii of 11 and 50 wavelengths have been investigated.
The array apertures are circular, gaussianly illuminated with a 10 db edge
taper. The lattice is that shown in Figure 21. The angular sectors occupied
by the arrays on the smaller radius cylinder are shown in Figure 45. The
array pattern is calculated by using expression (35). The "free' array
excitation is chosen always in such a way to have the radiative contributions
of all elements to add in phase at the peak of the beam. Since the phase
patterns of the element realized gains are essentially flat up to 80 degrees
from broadside, the phases of the excitations turn out to be practically
coincident with those obtained from simple geometrical optics considerations.
Figure 46 depicts the circumferential section of the array pattern for the
small array on the small cylinder with circumferential nominal polarization
(equiphase match) with the beam scanned at broadside (i. e., in the direction
perpendicular to the cylinder as is and passing through the array center).
The array realized gain is approximately 20.8 db (Takle 3). In Figure 47
the realized gain pattern of the array with 313 elements is shown, for
broadside scan. Two different matching conditions have been considered:
broadside and for i/R = 27 sin 80°/) (and w, = 0). Thus in the second case

the element realized gain pattern is that of Figure 33. The two patterns are

.
JAccording to the discussion in Section 2 the two arrays constitute the
excited sector of an infinite structure,
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very similar as expected, the differences lying on different peak gains and
far out sidelobes slightly higher for the case of match off broadside, because
of the lesser efficient filtaring effect of the element pattern.

Figure 48 to 56 show the envelopes of the max array gain versus scan
angle for linear polarization in the plane of scan and different match con-
dition. In some of the figures the planar case is also indicated for reference.
As expected the effect of the curvature is substantial only in the circum-
ferential plane (Figure 48-49 and 51-52). The effect of match off broadside
is shown in Figure 50 and 51 for the array with 37 elements, on the small
cylinder. Figure 54 and 55 show analogous curves for the la~ge array on
the same cylinder. For match off broadside the gain drop off at 80 degrees
is approximately 6 db for the circumferential plane and 7 db for the axial
plane.

In Figure 56 to 67 curves of gain and axial ratio versus scan angle for
nominally circularly polarized radiation are plotted. In this case the axial
and circumferential polarization ports are excited with incident waves
having equal magnitudes and a difference of phase such to yield for the axial
and circumferential field components at broadside a phase difference equal
to 90 degrees. Thus in general the "free'' excitations of the two ports will
not be in phase quadrature because of the different phase delays uf the two
field components through the matching networks and the element aperture.

In Figure 56 to 58 different conical sections for broadside matck are indicated
for the array with 37 elements. In Figure 59 to 61 simnilar curves are plotted
for the case of the two polarizations separately matched (according to the
discussion of Section 4). The drop off of the gain is remarkably better than
for broadside match. However at large scan angle these curves exhibit a
gain decrease with respect Lo the peak approximately 3 db larger than that

for nominal linear polarization (with the same match condition). This effect
is clearly due to the polarization parallel to the surface which for radiation
angles close to grazing incidence is almost completely rejected. It is thus
confirmed the convenience of switching from nominal circular to linear
polarization (belonging to the plane of scan) when extreme angles are
approached. Because of the different gains for the two polarizations the

axial ratio at broadside is different from unity.
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Figure 62 to 67 depict gain versus scan angle and axial ratios for the
array with 313 elements for the same match conditions ccnsidered for the
small array. The general features of these curves are very similar to the
ones for the small array. Interesting enough the axial ratio is slightly

better for the large array.
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6. CONCLUDING REMARKS

There are applications for which the gain of a scanned antenna is
required not to fall below a certain level in a wide angle scan region. In
these cases the average antenna gain in the scan sector is a parameter more
relevant to system performance than the maximum gain in a particular
direction. This typically occurs for a satellite to aircraft communication
system for which a hemispherical scan coverage is ideally demanded by the
variable attitude and aircraft to satellite geometry. The conventional uzse
of terminals consisting of protruding mechanically scanned reflectors, or
some other form of aperture radiators, mounted beneath a radome is severely
limited by acrodynamic drag. A conformal array of flush mounted antennas
presents itself as the complete solution of the problem.

In a conformal array the beam can be scanned generally through a
combined phase and amplitude control of the array illumination. Considering
a cylindrical surface (a reasonably good geometrical model for the center
part of an aircraft fuselage) the amplitude control may serve the purpose of
moving the illumination around the cylinder axis. In this way, however, the
total array aperture is not optimally utilized and a complicated feed system
is required. In order to save on the number of radiating eleiments and to
simplify the feed system, it is advisable to rely as much as possible on con-
ventional element phase control.

If no or limited amplitude control is used, in order to obtain a wide
angle scan coverage it is necessary to make use of radiating elements
having a realized gain pattern with a small gain drop-off with angle. In this
report the results of a study have been presented having the objective of
assessing the feasibility of an element having ikese desirable features and
of establishing a practical approach to its design. It has been shown that
elemenf patterns with a gain variation of approximateliy 6 db in an angular
sector of £80 degrees around broadside can be obtained by using a technique

consisting of inserting special ''element pattern shaping networks' in the

preceding page blank
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| wavegmdes fe-eding the radiators. Their purpose is to enhance the radia-
i tion off broadside via a contror of the radiator mutual coupling mechanism.

To simplify the analysis the infinite array model has been used. Con-

sequently no account has been taken of the end fire effect which for a finite
array cxists for radiation at or very close to grazing angles. This effect,
related to interference and diffraction at the array edge, is particularly
important for rad:ation in directions close to the cylinder axis, where the
infinite array imodel always yields zero radiation, a phyrically improbable
result,  Although no substantial difficulties are anticipated in analyzing a
finite array on an infinite cylinder, this model is not yet accurate enough
because the fundamental role played by the diffraction at the edge of the
structure, on which the array is mounted, is completely neglected. Little
investr gation has been performed in this area and very useful work can be
done to study these effects, (possibly by using geometrical theory of
diffraction) and to devise techniques to enhance the radiation in the direction

of the axis of the structure.
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TABLE 1
PARAMETERS OF ELEMENT PATTERN SHAPING NETWORK

R =11, 61A

TE“ Mode Normalized Waveguide Admittance

1 Y
'nYO S Gr- -Z—W—m = 0,851 at fo

Circurnferential Polarization Port Axial Polarization Port
Match at i/R = k sin 80° (w = 9) Match at w = k sin 80° (i = 0)
G = 1. 8967 Y G = 1.8402 Y
o o o o
-jBo = -j0.78749 YO -iB, = j 0.56349 YO
nl/nz = 1.3772 nl/nz = 1.3565
Match at i/R = k sin 70° {w = 0) Match at w = k sin 70° (i = 0)
o
G = 1. 1468 Y G =  0.97668Y
o o o o
-jBO = -30.4718 YO -j B, = 0.52979 YO
nl/nZ = 1. 0706 nl/nZ = 0.9883
Equiphase Match Equiphase Match
G = 0.51738Y G = 0.51743 Y
o o o) o
-iB = j0.66859 Y, -i B, = j0.67266 Y,
n,/n, = 0.7193 ny/n, = 0.7193
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TABLE 2
PARAMETERS OF KLEMENT PATTERN SHAPING NETWORK

R = 49.33x

'[‘E:“ Mode Normalized Waveguide Admittance

o T P S

/ X' 2
ny_ - er-(“a x) =0.85latf
I
Circumfcrential Polarization Port l Axial Polarization Port
Match at i/R = k sin 80° (w = 0) lMatchatw=ksin 80° {i = 0)
(o] :
|
G 5 2.2862 Y ! G = 1.8389 Y
(o] (o] ! (o] (o]
-iB = - 1.6097 Y ' -jB = j0.52134 Y
"o 0 | o o
- 5 ! -
nl/n2 = 1.5120 nl/nz = 1.3560
‘Match at i/R = k sin 70° (wO =0) Match at w = k sin 70° (i = 0)
i
| G, = 1. 2354 Y, G, = 0.97649 s
i jB. = -jO.TI224 Y -jB, = j0.52158Y_
n/n, = 1.115 ny/n, = 0.9882
Equiphacge Match Equiphase Match
G 0.51741 Y G = 0.51742 Y
(o] (o] (o] [o)
-j B = j0.67286 Y, -j B =  j0.67169 Yo
nl/n_,_ = 0.7193 | nl/nz = 0.7193
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TABLE 3
ARRAY CHARACTERISTICS

ARRAY 1

Nurnber of Elements: 37

Element Spacing: h = 0.288x;d - 12

Avray Maximum Diameter = 3.45)

Gain at Broadside (Equiphase Match): 20.8 db at fo

Gain at Broadside (Match for i/R = k sin 80°) = 17.8 db at fo

Gain at Broadside (Match for w = k sin 80°) = 18,9 db at f
C

ARRAY 2

Number of Elemen:s: 313

Element Spacing: h = 0.288A:d = 1A

Maximum Array Diameter: 10.6)

Gain at Broadside (Equiphase Match) = 29.9 db at fo

(;ain at Broadside (Match for i/R = k sin 80°) = 26.9 db at fo

Gain at Broadside (Match for w = k sin 80°) = 28 db at fo
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